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F-STRUCTURES AND BREDON-GALOIS COHOMOLOGY
DIETER DEGRIJSE AND NANSEN PETROSYAN
Abstract. Let F be an arbitrary family of subgroups of a group G and let OFG be the
associated orbit category. We investigate interpretations of low dimensional F-Bredon
cohomology of G in terms of abelian extensions of OFG. Specializing to fixed point
functors as coefficients, we derive several group theoretic applications and introduce
Bredon-Galois cohomology. We prove an analog of Hilbert’s Theorem 90 and show that
the second Bredon-Galois cohomology is a certain intersection of relative Brauer groups.
As applications, we realize the relative Brauer group Br(L/K) of a finite separable non-
normal extension of fields L/K as a second Bredon cohomology group and show that
this approach is quite suitable for finding nonzero elements in Br(L/K).
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1. Introduction
Bredon cohomology was introduced by G. Bredon in [2] as a means to develop an ob-
struction theory for equivariant extension of maps. It was further developed by Slomin´ska
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[23], tom Dieck [26], Lu¨ck [15], Nucinkis [21] and many other authors with applications
to proper group actions and classifying spaces for families of subgroups (see [17]).
Let Mod-OFG be the category of contravariant functors from the orbit category OFG
to the category of abelian groups Ab. The Bredon cohomology functors H∗F(G,−) of a
group G with respect to the family of subgroups F are the right derived functors of a
certain Hom functor from Mod-OFG to Ab.
Assuming the family F is closed under conjugation and finite intersections, one can
consider the homotopy category of G-CW-complexes with stabilizers in F. A terminal
object in this category is called a model for the classifying space EFG, and one can
show that these models always exist under the given assumptions on the family (e.g.
see [17]). The augmented cellular chain complex of EFG yields a projective resolution
which can be used to compute H∗F(G,−). Partially motivated by the Baum-Connes and
Farell-Jones Isomorphism conjectures (see [1], [20], [4]), a lot of attention has gone to
questions concerning finiteness properties of EFG, in particular when F is the family of
finite subgroups or the family of virtually cyclic subgroups (e.g. see [14],[15],[18],[21]).
In this paper, we specialize to another aspect of the theory; namely, the interpretation
of lower dimensional Bredon cohomology groups in terms of so-called abelian extensions
of the orbit category. This correspondence was first developed by G. Hoff in a more
general framework of cohomology of categories (see, [12],[13], [28]). The cohomology of
a category C is defined in a similar way as Bredon cohomology where one just replaces
the orbit category by the category C. In order to give an interpretation of the second
cohomology of a small category C, Hoff considers abelian extensions of C. He then derived
similar characterizations for the second cohomology of C as in the case of ordinary group
cohomology. We expand the theory developed by Hoff in the case of fixed point functor
coefficients.
Let G be a group and let F be a collection of subgroups of G that contains the trivial
subgroup. Let M be a left G-module. Then the fixed point functor associated to M is
the contravariant functor:
M : OFG→ Ab : G/H 7→ M
H ,
where MH is the H-invariant subgroup of M and M maps a morphism G/H
x
−→ G/K to
MK →MH : m 7→ x ·m.
Definition 1.1. Let 0 → M → Γ
pi
−→ G → 1, be an abelian group extension of G by M .
An F-structure on this extension is a collection of subgroups {ΓH}H∈F of Γ, such that
(i) for each H ∈ F, π : ΓH
∼=
−→ H ;
(ii) for each H,K ∈ F and x ∈ G, if x−1Hx ⊆ K then there exists y ∈ π−1(x) such that
y−1ΓHy ⊆ ΓK.
This F-structure {ΓH}H∈F is called split if there exists a group homomorphism s : G→ Γ
such that π◦s = id and for each H ∈ F, the subgroups s(H) and ΓH are conjugate in Γ by
mH for some mH ∈M . Two splittings s and t of an F-structure on (G,M) are said to be
M-conjugate if there exists an element m ∈ M such that s(x) and t(x) are conjugate by
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m for all x ∈ G. An F-structure on (G,M) is just an F-structure on some extension of G
by M . We define a notion of equivalence of F-structures and denote the set of equivalence
classes of F-structures on (G,M) by StrF(G,M) (see 3.9).
We prove the following.
Theorem 1.2. There is a one-to-one correspondence between H2F(G,M) and StrF(G,M)
such that the zero element in H2F(G,M) corresponds to the class of split F-structures
on (G,M). In particular, H2F(G,M) = 0 if and only if every F-structure on (G,M)
splits. Moreover, there is a one-to-one correspondence between the M-conjugacy classes
of splittings of the standard split F-structure on (G,M) and the elements of H1F(G,M).
In particular, H1F(G,M) = 0 if and only if all splittings of the standard split F-structure
on (G,M) are M-conjugate.
Among other applications, this theorem can be used to derive splitting results, as in
the following corollary.
Corollary 1.3. Let G be either a countable group and F the family of finitely generated
subgroups of G, or let G be a virtually free group with F the family of finite subgroups
of G. Suppose M ∈ G-mod and consider an abelian extension, 0 → M → Γ → G → 1.
Then
(i) every F-structure on the extension is split.
(ii) If H1(H,M) = 0 for all H ∈ F, the extension splits if and only if it splits when
restricted to every H ∈ F.
Our main application of Bredon cohomology with fixed point functor coefficients and
its interpretations is related to Galois cohomology. One of the aims of the theory is
to investigate a finite Galois extension of fields E/K by studying the cohomology of
the Galois group Gal(E/K) with coefficients in multiplicative group E× (see [22]). We
propose a generalization of Galois cohomology, called Bredon-Galois cohomology, as a tool
to study a collection of intermediate fields of a finite Galois extensions E/K.
Definition 1.4. Let E/K be a finite Galois extension of fields and suppose F is a col-
lection of intermediate fields. Denote G = Gal(E/K) and define the family of subgroups
F = {H ⊆ G | EH = F for some F ∈ F}. The n-th Bredon-Galois cohomology of E/K
for the family F is by definition HnF(G,E
×).
It is well-known that the relative Brauer group Br(E/K) of a finite Galois extension
E/K of fields is isomorphic to H2(Gal(E/K), E×). Utilizing the correspondence of Theo-
rem 1.2, we derive a generalization of this result which extends to non-normal extensions.
Theorem 1.5. Let E/K be a finite Galois extension with Galois group G. Let F be a
family of subgroups of G containing the trivial subgroup, then we have:
H2F(G,E
×) ∼= ∩H∈FBr(E
H/K) ⊆ Br(E/K).
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In particular, suppose L/K is a finite separable extension and let E/L be a finite field
extension such that E is Galois over K. Denote G = Gal(E/K) and let H be the subgroup
of G such that EH = L. Then,
H2F(G,E
×) ∼= Br(L/K),
where F is the smallest family of subgroups of G that is closed under conjugation, closed
under taking subgroups and contains H.
Next, we consider a finite Galois extension E/K with Galois group G.
Theorem 1.6. Let F be any family of subgroups of G that is closed under conjugation
and taking subgroups. For a prime p, if the p-Sylow subgroups of G are cyclic, then we
have a short exact sequence:
0→ ∩H∈FBr(E
H/K)(p) → Br(E/K)(p) → lim
H∈F
Br(E/EH)(p) → 0.
In [8] and [9], Fein, Saltman, and Schacher used Galois cohomology to obtain interesting
structural results on relative Brauer groups of finite separable extensions of fields. Our
results indicate that Bredon-Galois cohomology is perhaps a better suited tool for studying
relative Brauer groups of such extensions.
Definition 1.7. Let k ∈ N∪{∞}. We say that an extension of fields E/K is k-admissible
if it is a finite Galois extension with Galois group G such that for every nontrivial σ ∈ G,
there exist at least k discrete valuations π of E such that Gpi = 〈σ〉 and π|K is unramified
in E.
Theorem 1.8. Let E/K be a k-admissible extension with Galois group G and let F be any
family of subgroups of G closed under conjugation and taking subgroups. If there exists
an element σ ∈ G such that the group:
{f ∈ Hom(〈σ〉,Q/Z) | f(H ∩ 〈σ〉) = 0, ∀ H ∈ F}
is nontrivial, then ∩H∈FBr(E
H/K) contains at least k non-zero elements.
As a corollary, we reprove a result first obtained in [7] which states that for a finite
separable extension of global fields, the relative Brauer group is infinite.
2. Notations and preliminaries
Let G be a group and let F be an arbitrary collection of subgroups of G. We refer to F
as a family of subgroups of G. The groups denoted by H,K or L are always contained in
F. The orbit category OFG is a category defined as follows: the objects are the left coset
spaces G/H for all H ∈ F and the morphisms are all G-equivariant maps between the
objects. Note that every morphism ϕ : G/H → G/K is completely determined by ϕ(H),
since ϕ(xH) = xϕ(H) for all x ∈ G. Moreover, there exists a morphism:
G/H → G/K : H 7→ xK if and only if x−1Hx ⊆ K.
We denote the morphism ϕ : G/H → G/K : H 7→ xK by G/H
x
−→ G/K. Viewing G/K
as a G-set, we write (G/K)H for the invariants of G/K under the action of H . There is
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a bijective correspondence between Mor(G/H,G/K) and (G/K)H, which is obtained by
mapping a morphism G/H
x
−→ G/K from Mor(G/H,G/K) to xK ∈ (G/K)H .
An OFG-module is a contravariant functor M : OFG → Ab. The category of OFG-
modules is denoted by Mod-OFG and is defined as follows: the objects are all the OFG-
modules, the morphisms are all the natural transformations between the objects. Let M
be a left G-module. The fixed point functor associated toM is defined as the contravariant
functor:
M : OFG→ Ab : G/H 7→M
H
where MH is the H-invariant subgroup of M , and M maps a morphism G/H
x
−→ G/K
to MK → MH : m 7→ x · m. To do homological algebra in Mod-OFG and in particular
to define Bredon cohomology, we follow the approach of Lu¨ck in [15], Chapter 9. Let us
briefly recall some of the elementary notions we will need.
A sequence 0 → M ′ → M → M ′′ → 0 in Mod-OFG is called exact if it is exact after
evaluating in G/H , for all H ∈ F. Take M ∈ Mod-OFG and consider the left exact
functor:
HomF(M,−) : Mod-OFG→ Ab : N 7→ HomF(M,N),
where HomF(M,N) is the abelian group of all natural transformations from M to N .
Then M is a projective OFG-module if and only if this functor is exact. By considering
the contravariant HomF-functor, one can define injective OFG-modules in a similar way. It
can be shown that Mod-OFG contains enough projective and injective objects to construct
projective and injective resolutions. Hence, one can construct bi-functors ExtnOFG(−,−)
that have all the usual properties. The n-th Bredon cohomology of G with coefficients
M ∈ Mod-OFG is by definition:
HnF(G,M) = Ext
n
OFG
(Z,M),
where Z is a trivial G-module.
Finally, we describe the free modules in Mod-OFG. An F-set is a collection of (possibly
empty) sets {∆H | H ∈ F}. By setting ∆ =
∐
H∈F∆H , we obtain a set map β : ∆→ F :
δ ∈ ∆H 7→ H . We call β a base function for F. Note that β
−1(H) = ∆H for each H ∈ F
and that each base function of F uniquely determines an F-set and vice versa. In the
future, we will denote an F-set by the pair (∆, β), where β is the defining base function
from the set ∆ to the family F. A map of F-sets from (∆, β) to (∆′, β ′) is a set map f
from ∆ to ∆′ such that β ′ ◦ f = β. Alternatively, a map of F-sets from (∆, β) to (∆′, β ′)
can be viewed as a collection of set maps {fH : ∆H → ∆
′
H
| H ∈ F}.
Note that any OFG-module M has a structure of an F-set. By using the forgetful
functor, define ∆K = M(G/K) for each K ∈ F. We denote the F-set associated to M
by F(M). Obviously, a natural transformation θ : M → N induces a map of F-sets
θ : F(M) → F(N). A base function β : ∆→ F is said to belong to an OFG-module M if
there exist an injective map of F-sets i : (∆, β)→ F(M) (notation β ⊂i M).
An OFG-module F is called free on the F-set (∆, β) if β ⊂i M and if for each M ∈
Mod-OFG, every map of F-sets f : (∆, β)→ F(M) can be uniquely extended to a natural
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transformation f¯ : F → M , i.e. there exists a unique natural transformation f¯ : F → M
such that the diagram of maps of F-sets:
F(F )
f¯ // F(M)
(∆, β)
i
OO
f
::
u
u
u
u
u
u
u
u
u
commutes. In general, an OFG-module F is called free if it is free on some F-set (∆, β).
It is not difficult to show that free OFG-modules are projective, direct sums of freeOFG-
modules are free, and an OFG-module is projective if and only if it is a direct summand
of a free OFG-module.
Now, take K ∈ F and define the OFG-module:
Z[−, G/K] : OFG→ Ab : G/H → Z[G/H,G/K],
where Z[G/H,G/K] is the free Z-module generated by Mor(G/H,G/K), and for each
ϕ ∈ Mor(G/H1, G/H2), the morphism:
Z[ϕ,G/K] : Z[G/H2, G/K]→ Z[G/H1, G/K]
is defined by Z[ϕ,G/K](α) = α ◦ ϕ for all α ∈ Mor(G/H2, G/K). One can check that
Z[−, G/K] is a free OFG-module and
⊕
δ∈∆ Z[−, G/β(δ)] is a model for the free OFG-
module on the F-set (∆, β).
3. Abelian Extensions of the Orbit Category
In Section 3.1, we recall and rephrase some terminology and results from [12] and
[13]. In Section 3.2, we turn to fixed point functors and derive the main results relating
F-structures and abelian extensions of the orbit category.
3.1. Definition and Basic Properties. Let G be a group and let F be a family of
subgroups of G. Let {M(G/H)}H∈F be a collection of Z-modules indexed over the family
F. We define the category M as follows. The objects of M are precisely the Z-modules
M(G/H) for allH ∈ F, the set of morphisms Mor(M(G/H),M(G/K)) is empty ifH 6= K
and
Mor(M(G/H),M(G/H)) = {m¯H : M(G/H)→M(G/H) : m 7→ mH+m | mH ∈ M(G/H)}.
We call M the category associated to the collection of Z-modules {M(G/H)}H∈F. For all
nH , mH ∈M(G/H), we define m¯H ± n¯H to be the morphism mH ± nH .
Definition 3.1. An abelian right extension of OFG by M consists of a category E with
objects {E(H)}H∈F and functors:
M
i
−→ E
pi
−→ OFG
satisfying the following properties.
(i) i(M(G/H)) = E(H) and π(E(H)) = G/H for all H ∈ F;
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(ii) ∀H ∈ F, ∀m¯H , n¯H ∈ Mor(M(G/H),M(G/H)), if i(m¯H) = i(n¯H), then m¯H = n¯H , i.e.
i is injective on morphisms;
(iii) ∀H,K ∈ F, ∀ϕ ∈ Mor(G/H,G/K), there exists a θ ∈ Mor(E(H), E(K)) such that
π(θ) = ϕ, i.e. π is surjective on morphisms;
(iv) π(i(m¯H)) = id for all H ∈ F and for all m¯H ∈ Mor(M(G/H),M(G/H));
(v) ∀H,K ∈ F, ∀ϕ1, ϕ2 ∈ Mor(E(H), E(K)): if π(ϕ1) = π(ϕ2), then there exists a
unique m¯H ∈ Mor(M(G/H),M(G/H)) such that ϕ1 ◦ i(m¯H) = ϕ2.
Remark 3.2.
(a) It follows from property (v) that ∀H,K ∈ F, ∀ϕ ∈ Mor(E(H), E(K)), ϕ ◦ i(m¯H) = ϕ
implies mH = 0 ∈M(G/H).
(b) Similarly, one can define an abelian left extension of OFG by M by replacing property
(v) with the following: ∀H,K ∈ F, ∀ϕ1, ϕ2 ∈ Mor(E(H), E(K)), if π(ϕ1) = π(ϕ2),
then there exists a unique m¯K ∈ Mor(M(G/K),M(G/K)) such that i(m¯K)◦ϕ1 = ϕ2.
(c) In [30], Xu constructs a spectral sequence associated to an extension of categories,
which generalizes the Lyndon-Hochschild-Serre spectral sequence.
Definition 3.3. The abelian right M-extensions, M
i1−→ E1
pi1−→ OFG and M
i2−→ E2
pi2−→
OFG, are called equivalent if there exists a functor θ : E1 → E2 such that the following
diagram commutes:
M
i1 //
id

E1
pi1 //
θ

OFG
id

M
i2 // E2
pi2 // OFG.
It is not difficult to check that this implies θ(E1(H)) = E2(H) for all H ∈ F and that θ
is bijective on morphisms.
It is a standard fact that a group extension of a group G by an abelian group A induces
a G-module structure on A. The following proposition shows that an analogous result
holds in the case of abelian extensions of orbit categories.
Proposition 3.4. An abelian right extension of OFG by M defines an OFG-module M :
OFG → Ab : G/K 7→ M(G/K) such that equivalent extensions give rise to the same
OFG-module structure on M .
Proof. Let M
i1−→ E1
pi1−→ OFG be an abelian right extension of OFG by M. To make
M : OFG → Ab : G/K 7→ M(G/K) into a contravariant functor, we first need to
define a Z-module homomorphism M(ϕ) : M(G/K) → M(G/H) for every morphism
ϕ ∈ Mor(G/H,G/K).
Let ϕ ∈ Mor(G/H,G/K). By surjectivity of π1, we can find a ψ ∈ Mor(E1(H), E1(K))
such that π1(ψ) = ϕ. Now, for any given mK ∈ M(G/K), we have π1(i1(m¯K) ◦ ψ) = ϕ.
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Hence, there exists a unique m¯H ∈ Mor(M(G/H),M(G/H)) such that i1(m¯K) ◦ ψ =
ψ ◦ i1(m¯H). We define:
M(ϕ) :M(G/K)→ M(G/H) : mK 7→ mH .
Repeated use of the uniqueness and injectivity properties shows that this is a well-defined
(independent of the choice ψ) homomorphism of Z-modules that turns M into a con-
travariant functor.
It remains to show that equivalent extensions give rise to the same OFG-module struc-
ture onM . Let M
i2−→ E2
pi2−→ OFG be an extension that is equivalent to M
i1−→ E1
pi1−→ OFG
via θ : E1 → E2. Let ϕ ∈ Mor(G/H,G/K) and ψ ∈ Mor(E1(H), E1(K)) be such that
π1(ψ) = ϕ. Now, for an element mK ∈ M(G/K), let m¯H be the unique element in
Mor(M(G/H),M(G/H)) such that i1(m¯K)◦ψ = ψ◦ i1(m¯H). Applying θ to this equation,
we obtain i2(m¯K) ◦ θ(ψ) = θ(ψ) ◦ i2(m¯H). Since π2(θ(ψ)) = ϕ, we conclude that the
OFG-module structure on M described above is the same for equivalent extensions. 
Remark 3.5. Similarly one can show that abelian left extensions give rise to covariant
functors M : OFG→ Ab.
The proposition allows us to state the following definition.
Definition 3.6. Let M be a OFG-module and let M be the category associated to
{M(G/H)}H∈F. We denote by ExtF(G,M) the set of equivalence classes of abelian right
extensions of OFG by M, such that induced the OFG-module structure on M by the
extensions is the given one. A representative of an element in ExtF(G,M) is then called
an abelian right extension of OFG by M .
Next, we describe the notion of a split extension.
Definition 3.7. An abelian right extension M
i
−→ E
pi
−→ OFG is called split if there exists
a functor s : OFG→ E such that π ◦ s = id.
We will now construct, for any OFG-module M , a split abelian right extension of OFG
by M and show that any split abelian right extension of OFG by M is equivalent to it.
This will allow us to consider the class of split extensions inside ExtF(G,M).
Let M be a OFG-module and let M be the category associated to {M(G/H)}H∈F. One
defines M ⋊ OFG to be the category with objects M(G/H) × G/H (set product) for
each H ∈ F. The morphisms of M ⋊ OFG are: for each ϕ ∈ Mor(G/H,G/K) and each
m¯H ∈ Mor(M(G/H),M(G/H)) we have a morphism:
(m¯H , ϕ) ∈ Mor(M(G/H)×G/H,M(G/K)×G/K).
Note that (m¯H , ϕ) is not a set map from M(G/H)×G/H to M(G/K)×G/K, it is just
a morphism in the formal categorical sense. The composition (m¯K, ψ) ◦ (m¯H , φ) of two
morphisms:
(m¯H , ϕ) ∈ Mor(M(G/H)×G/H,M(G/K)×G/K)
and
(m¯K, ψ) ∈ Mor(M(G/K)×G/K,M(G/L)×G/L)
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is defined to be:
(m¯H +M(ϕ)(mK), ψ ◦ ϕ) ∈ Mor(M(G/H)×G/H,M(G/L)×G/L).
It is not difficult to see that M⋊OFG is a category. Now, we define the functor i : M→
M⋊OFG by setting:
i(M(G/H)) = M(G/H)×G/H and i(m¯H) = (m¯H , id)
for all m¯H ∈ Mor(M(G/H),M(G/H)) and for all H ∈ F. Clearly, the functor i is injective
on morphisms. Define the functor π : M⋊OFG→ OFG by π(M(G/H)×G/H) = G/H
and π(m¯H , ϕ) = ϕ for all
(m¯H , ϕ) ∈ Mor(M(G/H)×G/H,M(G/K)×G/K)
and for all H,K ∈ F. Clearly, the functor π is surjective on morphisms.
Proposition 3.8. Let M be an OFG-module, then
M
i
−→M⋊OFG
pi
−→ OFG
is a split abelian right extension of OFG by M and it is equivalent to any split abelian
right extension of OFG by M .
Proof. Clearly, π ◦ i(m¯H) = id for all morphisms m¯H . Now, let us check property (v) of
the definition of right abelian extensions. If two morphisms in
Mor(M(G/H)×G/H,M(G/K)×G/K)
are mapped to the same morphism under π, this implies that these morphism are of the
form (m¯H , ϕ) and (n¯H , ϕ). A quick computation then shows that (m¯H , ϕ) = (n¯H, ϕ) ◦
i(m¯H − n¯H). This resolves the existence part of (v).
Next, suppose that m¯ ∈ Mor(M(G/H),M(G/H)) such that (m¯H , ϕ) = (n¯H , ϕ) ◦ i(m¯).
It follows that (n¯H + m¯, ϕ) = (n¯H + (m¯H − n¯H), ϕ), hence m¯ = m¯H − n¯H which shows the
uniqueness part of (v).
Since i(m¯K) ◦ (0¯, ϕ) = (0¯, ϕ) ◦ i(M(ϕ)(mK)) for each ϕ ∈ Mor(G/H,G/K) and each
mK ∈ M(G/K), it follows that M
i
−→ M ⋊ OFG
pi
−→ OFG is a abelian right extension of
OFG by M . This extension is split because the functor s : OFG→M⋊OFG defined by,
s(G/H) =M(G/H)×G/H and s(ϕ) = (0¯, ϕ) satisfies π ◦ s = id.
Now, letM
i′
−→ E
pi′
−→ OFG be a split abelian right extension of OFG byM , with splitting
functor s′ : OFG → E. To show that this extension is equivalent to M
i
−→ M ⋊ OFG
pi
−→
OFG, we need to construct a functor θ : M⋊OFG→ E such that the diagram:
M
i //
id

M⋊OFG
pi //
θ

OFG
id

M
i′ // E
pi′ // OFG,
F-STRUCTURES AND BREDON-GALOIS COHOMOLOGY 10
commutes. We define the functor θ as follows: θ(M(G/H)×G/H) = E(H) and θ((m¯H , ϕ))
= s′(ϕ) ◦ i′(m¯H) for each
(m¯H , ϕ) ∈ Mor(M(G/H)×G/H,M(G/K)×G/K)
and each H,K ∈ F. We need to verify that θ is indeed a functor. Clearly, we have
θ(id) = id. Consider the morphisms:
(m¯H , ϕ) ∈ Mor(M(G/H)×G/H,M(G/K)×G/K)
and
(m¯K, φ) ∈ Mor(M(G/K)×G/K,M(G/L)×G/L).
Their composition is given by:
(m¯H +M(ϕ)(mK), φ ◦ ϕ) ∈ Mor(M(G/H)×G/H,M(G/L)×G/L).
Using the fact that M(ϕ)(mK) is the unique element such that i
′(m¯K) ◦ s
′(ϕ) = s′(ϕ) ◦
i′(M(ϕ)(mK)), we compute:
s′(φ) ◦ i′(m¯K) ◦ s
′(ϕ) ◦ i′(m¯H) = s
′(φ) ◦ s′(ϕ) ◦ i′(M(ϕ)(mK)) ◦ i
′(m¯H)
= s′(φ ◦ ϕ) ◦ i′(M(ϕ)(mK) + m¯H).
Hence, θ is a functor. The fact that θ makes the diagram commute follows immediately.

The split abelian right extension constructed in this proposition will be referred to as
the standard split abelian right extension of OFG by M .
3.2. Extension of the orbit category by a fixed point functor. Let G be a group,
let F be a family of subgroups that contains the trivial subgroup and take M ∈ G-mod.
Suppose we have an abelian group extension:
(1) 0→M → Γ
pi
−→ G→ 1.
Note that this implies that the G-module structure on M induced by the extension coin-
cides with the original one, i.e. π(x) ·m = xmx−1 for all x ∈ Γ and all m ∈M .
Definition 3.9. An F-structure on (1) is a collection of subgroups ΓH of Γ for each H ∈ F,
such that:
(i) for each H ∈ F, π : ΓH
∼=
−→ H ;
(ii) for each H,K ∈ F and x ∈ G, if x−1Hx ⊆ K, then there exists y ∈ π−1(x) such that
y−1ΓHy ⊆ ΓK.
This collection of subgroups of Γ is also denoted by F. It readily follows that Γ{e} = {e},
ΓH ∩M = {e} and that ΓH commutes with M
H for each H ∈ F.
Now, let us suppose we have another group extension:
(2) 0→M → Γ′
pi′
−→ G→ 1.
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The F-structures {ΓH}H∈F on (1) and {Γ
′
H
}H∈F on (2) are called equivalent if and only if
there exists a group homomorphism θ : Γ→ Γ′ such that
0 // M //
id

Γ
pi //
θ

G
id

// 1
0 // M // Γ′
pi′ // G // 1
commutes and such that for each H ∈ F, θ(ΓH) = m
−1
H
Γ′
H
mH for some mH ∈M (note that
mH depends on H). It is clear that, in this case, θ is an isomorphism and (1) is equivalent
with (2) in the usual sense of group extension.
An F-structure {ΓH}H∈F on (1) is called split if there exists a group homomorphism
s : G→ Γ such that π ◦ s = id and such that for each H ∈ F, s(H) = m−1
H
ΓHmH for some
mH ∈M (mH depends on H). This implies that (1) is split extension in the usual sense.
Note that, in general, a split extension of G by M can have a non-split F-structure.
An F-structure on (G,M) is just an F-structure on some abelian extension of G by M .
By StrF(G,M), we denote the set of all equivalence classes of F-structures on (G,M).
Now, let us consider the standard split extension:
0→M → Γ = M ⋊G→ G→ 1
and define ΓH = (0, H) for each H ∈ F. One easily verifies that {ΓH}H∈F defines a split
F-structure on the standard split extension of G by M . We call this the standard split
F-structure on (G,M). It is not difficult to check that every split F-structure on (G,M)
is equivalent to the standard split F-structure on (G,M). It follows that we can consider
the equivalence class of all split F-structures in StrF(G,M).
It turns out that, in certain cases, we can view StrF(G,M) as a subspace of Ext(G,M),
the set of equivalence classes of extensions of G by M .
Proposition 3.10. Let F be the smallest family of subgroups of G containing F that
is closed under conjugation. Suppose H1(H,M) = 0 for every H ∈ F. Then property
(ii) of the definition of F-structure follows from property (i). Furthermore, StrF(G,M)
injects onto a subset of Ext(G,M) such that under the bijective correspondence between
Ext(G,M) and H2(G,M), the set StrF(G,M) corresponds to
∩H∈FKer
(
i2
H
: H2(G,M)→ H2(H,M)
)
where i2
H
is induced by the inclusion map iH : H →֒ G.
Proof. Consider an abelian extension 0 → M → Γ
pi
−→ G → 1. Suppose we have a
collection of subgroups {ΓH}H∈F of Γ, such that π : ΓH
∼=
−→ H for each H ∈ F. We will
show that this collection of subgroups forms an F-structure. Let x ∈ G and H,K ∈ F
and assume that L := x−1Hx ⊆ K. It is easy to see that ΓK has a subgroup P such that
π : P
∼=
−→ L.
Now, for any z ∈ Γ such that π(z) = x, we have π(z−1ΓHz) = π(P ) and π : z
−1ΓHz
∼=
−→ L.
Because L ∈ F, we have H1(L,M) = 0. This implies that all splittings of the standard
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split extension M ⋊L are M-conjugate. Since any subgroup Q of Γ such that π : Q
∼=
−→ L,
defines a splitting of the standard split extension, it follows that all such subgroups Q
are M-conjugate. Therefore, we may conclude that there exists an m ∈ M such that
m−1z−1ΓHzm = P . Next, we let y = zm and note that π(y) = x and y
−1ΓHy = P ⊆ ΓK.
This proves that {ΓH}H∈F forms an F-structure.
To prove that StrF(G,M) can be viewed is a subspace of Ext(G,M), we need to show
that the map StrF(G,M) → Ext(G,M), that maps an equivalence class of F-structures
on (G,M) to the underlying equivalence class of extensions of G by M , is injective.
This comes down to showing that F-structures on equivalent extensions of G by M are
always equivalent. But this follows easily from the fact that all subgroups Q of Γ, where
0 → M → Γ
pi
−→ G is an abelian extension of G by M and π : Q
∼=
−→ H ∈ F, are M-
conjugate. The final statement is a straightforward application of the first statement of
the proposition. 
Next, we show that an F-structure on an abelian extension of G by M gives rise to an
abelian right extension of OFG by M .
Proposition 3.11. Given an F-structure on an abelian extension of G by M
0→M → Γ
p
−→ G→ 1,
the induced functors π : OF(Γ) → OFG and i : M → OF(Γ), where M is the category
associated to {MH}H∈F, form an abelian right extension of OFG by M
M
i
−→ OF(Γ)
pi
−→ OFG,
that is split if the given F-structure is split. Furthermore, equivalent F-structures on
(G,M) give rise to equivalent abelian right extensions of OFG by M .
Proof. Let us first consider the functor i : M → OF(Γ). Take m ∈ M
H , for some H ∈ F.
Then
m¯ ∈ Mor(MH ,MH) and i(m¯) : Γ/ΓH → Γ/ΓH : ΓH 7→ mΓH .
This is well-defined because hmh−1 = π(h) · m = m for each h ∈ ΓH . To see that i is
injective on morphisms, suppose that mΓH = nΓH for some m,n ∈M
H and some H ∈ F.
This implies that m−1n ∈ ΓH ∩M = {e}, so m = n. This proves that i is injective on
morphisms.
Next, we consider the functor π : OF(Γ)→ OFG. The functor π maps a morphism:
Γ/ΓH → Γ/ΓK : ΓH 7→ xΓK
to the morphism:
G/H → G/K : H 7→ π(x)K.
This is clearly well-defined. To see that π is surjective on morphisms, consider a morphism
G/H → G/K : H 7→ yK
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in OFG. By the definition of F-structure, there is x ∈ Γ such that x
−1ΓHx ⊆ ΓK and
π(x) = y. It follows that
Γ/ΓH → Γ/ΓK : ΓH 7→ xΓK
is a morphism in OF(Γ) that is mapped to
G/H → G/K : H 7→ yK
by π. Hence π is surjective on morphisms. Since p(M) = {e}, it is clear that π ◦ i = id.
Now, let us check the final property of abelian right extensions. Suppose we have two
morphisms:
ϕ : Γ/ΓH → Γ/ΓK : ΓH 7→ xΓK
and
ψ : Γ/ΓH → Γ/ΓK : ΓH 7→ yΓK
in OF(Γ) such that π(ϕ) = π(ψ). Since π(ΓK) = K and the group extension is exact, this
implies that there exists m ∈M and k ∈ ΓK such that mx = yk. For an arbitrary h ∈ ΓH,
we compute (hmh−1)x = hmxx−1h−1x = hmxk1, for some k1 ∈ ΓK since x
−1ΓHx ⊆ ΓK.
Using the fact that mx = yk, we obtain (hmh−1)x = hyk2 for some k2 ∈ ΓK. Multiplying
hyk2 on the left with yy
−1 and using the fact that y−1ΓHy ⊆ ΓK, we find k3 ∈ ΓK such
that (hmh−1)x = yk3. It follows that (hmh
−1)x = mxk−1k3. Multiplying both sides with
x−1 on the left and using normality of M in Γ, it follows that k−1k3 ∈ ΓK ∩M = {e}.
This implies that (hmh−1)x = mx. Therefore, hmh−1 = m for any h ∈ ΓH . It follows
that m ∈ MH , since π(ΓH) = H and m = hmh
−1 = π(h) ·m. It now follows easily from
mx = yk, that ϕ ◦ i(m¯) = ψ.
It still remains to show thatm is the unique element inMH with this property. Suppose
that ϕ ◦ i(n¯) = ψ for some n ∈ MH . Then ϕ ◦ i(m¯) = ϕ ◦ i(n¯). Hence, there exists a
k ∈ ΓK such that mx = nxk. Multiplying on the left with x
−1 and using normality of M
in Γ, we see that k ∈ ΓK ∩M = {e}. Hence, mx = nx and so m = n.
Next, let us prove that the OFG-module structure on M induced by the extension
coincides with the given one. Consider an arbitrary morphism:
ϕ : G/H → G/K : H 7→ yK
and m ∈MK. Let
θ : Γ/ΓH → Γ/ΓK : ΓH 7→ xΓK
be a morphism in OF(Γ) such that π(θ) = ϕ. Since π(x)K = yK and m ∈M
K , it follows
that y · m = xmx−1. Therefore, i(m¯) ◦ θ = θ ◦ i(y ·m), hence M(ϕ)(m) = y · m. This
shows that M
i
−→ OF(Γ)
pi
−→ OFG is an abelian right extension of OFG by M .
Assume that the given F-structure splits, via the splitting s : G→ Γ. Let (mH)H∈F be
the elements of M such that s(H) = m−1
H
ΓHmH for each H ∈ F. One can verify that the
functor S : OFG→ OF(Γ), that takes G/H to Γ/ΓH and maps a morphism:
ϕ : G/H → G/K : H 7→ xK
to the morphism:
Γ/ΓH → Γ/ΓK : ΓH 7→ mHs(x)m
−1
K
ΓK,
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is a well-defined splitting functor for M
i
−→ OF(Γ)
pi
−→ OFG.
Finally, suppose we have two F-structures {Γ1H}H∈F and {Γ2H}H∈F on the extensions:
M
i1−→ Γ1
pi1−→ G and M
i2−→ Γ2
pi2−→ G,
respectively. Suppose also that they are equivalent via a group isomorphism θ : Γ1 → Γ2.
Let (mH)H∈F be the elements of M such that θ(Γ1H ) = m
−1
H
Γ2HmH for all H ∈ F. Now,
we define Θ : OF(Γ1)→ OF(Γ2) by Θ(Γ1/Γ1H) = Γ2/Γ2H and
Θ(Γ1/Γ1H → Γ1/Γ1K : Γ1H 7→ xΓ1K ) = Γ2/Γ2H → Γ2/Γ2K : Γ2H 7→ mHθ(x)m
−1
K
Γ2K .
It is not difficult to checks Θ is a functor that entails an equivalence of extensions between
M
i1−→ OF(Γ1)
pi1−→ OFG and M
i2−→ OF(Γ2)
pi2−→ OFG. This proves the proposition. 
By the proposition, we have a well-defined map:
Ψ : StrF(G,M)→ ExtF(G,M).
In the remainder of this section, our goal is to prove that Ψ is a bijection. First, we need
a few lemmas.
Consider an abelian right extension of OFG by M :
M
i
−→ E
pi
−→ OFG.
Lemma 3.12. The group Γ = Mor(E({e}), E({e})) fits into an abelian extension:
0→M
i
−→ Γ
pi
−→ G→ 1.
Proof. Obviously, Γ surjects onto Mor(G/{e}, G/{e}) via π andMor(M(G/{e}),M(G/{e}))
injects into Γ via i, by the definition of extensions. It is clear that Mor(G/{e}, G/{e}),
with group law defined by ϕ·ψ = ψ◦ϕ is isomorphic toG. Similarly, Mor(M(G/{e}),M(G/{e}))
is an abelian group isomorphic toM . From now on we will identify the group Mor(G/{e}, G/{e})
with G and Mor(M(G/{e}),M(G/{e})) with M . Using the properties of abelian exten-
sions of the orbit category, it is not difficult to show that Γ is a group, with group law
defined by ϕ¯ · ψ¯ = ψ¯ ◦ ϕ¯ such that 0 → M
i
−→ Γ → G → 1 is a short exact sequence of
groups that induces a G-module structure onM which coincides with the original one. 
Notation 3.13.
(a) From now on, we identify Γ with Mor(E({e}), E({e})), Mor(G/{e}, G/{e}) with G
and Mor(M(G/{e}),M(G/{e})) withM . Therefore, an element x ∈ G will sometimes
be viewed as a morphism x : G/{e}
x
−→ G/{e} or vice versa. We use similar notation
for elements of M and Γ.
(b) To keep the notation as light as possible, we use π to denote morphisms on the orbit
category extension and on the group extension. The distinction will be clear from the
context. When we are working on the group extension, we will drop the map i from
the notation.
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For each H ∈ F, fix a morphism ϕH ∈ Mor(E({e}), E(H)) such that
π(ϕH) = (idH : G/{e} → G/H : {e} 7→ H).
Since the mapM(idH) is just the inclusion M
H → M and M
i
−→ E
pi
−→ OFG is an extension
that induces the original OFG-module structure on M , we conclude that ϕH ◦ i(m¯) =
i(m¯) ◦ ϕH for all m ∈M
H and all H ∈ F.
Definition 3.14. For each H ∈ F, define the left group action:
αH : Γ×Mor(E({e}), E(H))→ Mor(E({e}), E(H)) : (θ, ϕ) 7→ ϕ ◦ θ.
Let ΓH be the stabilizer of ϕH under this action. Let F be the family of subgroups of Γ
that contains all the stabilizers ΓH.
We observe that Γ{e} = {id}, all the elements of M
H commute with the elements of ΓH
and ΓH ∩M = {e}.
Lemma 3.15. The collection of subgroups {ΓH}H∈F forms an F-structure on:
0→M → Γ
pi
−→ G→ 1.
Proof. Let us first check property (i) of the definition of F-structure. Fix H ∈ F and
h ∈ H . For the morphism:
h : G/{e} → G/{e} : {e} 7→ h{e},
we can find ω ∈ Γ such that π(ω) = h. Since π(ϕH ◦ ω) = idH = π(ϕH), we can find
m ∈ M such that ϕH ◦ ω ◦ i(m¯) = ϕH . Hence, for θ = ω ◦ i(m¯), we have θ ∈ ΓH such
that π(θ) = h. We conclude that π(ΓH) = H . Since the kernel of π : Γ → G is M and
ΓH ∩M = {e}, it follows that π : ΓH
∼=
−→ H . Hence, property (i) is satisfied.
To check property (ii), let x ∈ G and H,K ∈ F and assume that x−1Hx ⊆ K. This
means that we have a morphism:
ϕ : G/H → G/K : H 7→ xK ∈ OFG.
By the surjectivity of π : E→ OFG on morphisms, we find a ψ ∈ Mor(E(H), E(K)) such
that π(ψ) = ϕ. It follows that there exists ω ∈ Γ such that π(ω) = x and π(ϕK ◦ ω) =
π(ψ ◦ϕH). Hence, there is m ∈M such that ψ ◦ϕH = ϕK ◦ω ◦ i(m¯). Setting θ = ω ◦ i(m¯),
we find θ ∈ Γ such that π(θ) = x and ψ ◦ ϕH = ϕK ◦ θ. We claim that θ
−1ΓHθ ⊆ ΓK.
Indeed, for an arbitrary element h ∈ ΓH, we compute:
ϕK ◦ (θ
−1hθ) = ϕK ◦ θ ◦ h ◦ θ
−1
= ψ ◦ ϕH ◦ h ◦ θ
−1
= ψ ◦ ϕH ◦ θ
−1
= ϕK ◦ θ ◦ θ
−1
= ϕK,
which proves the claim. This proves that {ΓH}H∈F forms an F-structure. 
The following lemma reveals an important property of E.
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Lemma 3.16. Let ψ1, ψ2 ∈ Mor(E(H), E(K)) for some H,K ∈ F. If ψ1 ◦ϕH = ψ2 ◦ϕH,
then ψ1 = ψ2.
Proof. Suppose ψ1 ◦ ϕH = ψ2 ◦ ϕH. Applying π, we obtain π(ψ1) ◦ idH = π(ψ2) ◦ idH. In
an orbit category, this implies that π(ψ1) = π(ψ2). Hence, we find an m ∈M
H such that
ψ2 = ψ1 ◦ i(m¯). We now compute ψ1 ◦ ϕH = ψ2 ◦ ϕH = ψ1 ◦ i(m¯) ◦ ϕH = ψ1 ◦ ϕH ◦ i(m¯).
So, uniqueness yields i(m¯) = id. We conclude that ψ1 = ψ2. 
We can now prove the main theorem of this section.
Theorem 3.17. Let G be a group, let F be a family of subgroups of G that contains
the trivial subgroup and suppose M ∈ G-mod. There is a one-to-one correspondence
between ExtF(G,M) and StrF(G,M), such that the class of split extension of OFG by M
corresponds to the class of split F-structures on (G,M).
Proof. To prove the theorem it suffices to show that the map:
Ψ : StrF(G,M)→ ExtF(G,M),
constructed earlier, is a bijection. Let us first prove that Ψ is injective.
Suppose we have F-structures {Γ1H}H∈F and {Γ2H}H∈F on extensions:
M → Γ1
pi1−→ G and M → Γ2
pi2−→ G,
respectively, such that the induced abelian right extensions:
M
i1−→ OF(Γ1)
pi1−→ OFG and M
i2−→ OF(Γ2)
pi2−→ OFG
are equivalent via a functor Θ. Viewing Θ as a map from Γ1 = Mor(Γ1/{e},Γ1/{e}) to
Γ2 = Mor(Γ2/{e},Γ2/{e}), it becomes a group homomorphism Θ : Γ1 → Γ2 such that
the diagram:
0 // M //
id

Γ1
pi1 //
Θ

G
id

// 1
0 // M // Γ2
pi2 // G // 1
commutes. Denote Γi/{e} → Γi/ΓiH : {e} 7→ ΓiH by ϕiH , for i = 1, 2. We observe that
for each H ∈ F, the functor Θ : OF(Γ1) → OF(Γ2) maps ϕ1H to ϕ2H ◦ i2(m¯H), for some
mH ∈ M . Now consider the action from Definition 3.14, for i = 1, 2, and note that the
stabilizer group of ϕiH is ΓiH . One easily checks that Θ maps the stabilizer of ϕ1H onto the
stabilizer of ϕ2H ◦ i2(m¯H) which is m
−1
H
Γ2HmH . We conclude that Θ(Γ1H) = m
−1
H
Γ2HmH
for all H ∈ F. Hence, the given two F-structures are equivalent. This proves that Ψ is
injective.
To prove that Ψ is surjective, choose an abelian right extension of OFG by M denoted:
(3) M
i
−→ E
pi
−→ OFG.
In Lemmas 3.12 and 3.15, we saw that this entails an F-structure {ΓH}H∈F on
0→M → Γ
pi
−→ G→ 1.
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By definition, Ψ maps the equivalence class of this F-structure to the equivalence class of
the extension:
M
i
−→ OF(Γ)
pi
−→ OFG.
We prove that this extension is equivalent to (3).
Consider a morphism:
Γ/ΓH → Γ/ΓK : ΓH 7→ θΓK.
So, we have θ−1ΓHθ ⊆ ΓK. Applying π to this equation, we obtain π(θ)
−1Hπ(θ) ⊆ K.
Hence, we have a well-defined morphism:
ϕ : G/H → G/K : H 7→ π(θ)K.
By surjectivity, we find φ ∈ Mor(E(H), E(K)) such that π(φ) = ϕ. This implies that
π(φ ◦ϕH) = π(ϕK ◦ θ). Hence, we find a unique m ∈M such that φ ◦ ϕH ◦ i(m¯) = ϕK ◦ θ.
We now claim that m ∈MH . To prove this, let h ∈ H . Because ΓH surjects onto H , there
exists α ∈ ΓH such that π(α) = h. We need to show that h·m = m. Recall that i( ¯h ·m) =
α−1◦i(m¯)◦α. Hence, by uniqueness, it suffices to show that φ◦ϕH ◦α
−1◦i(m¯)◦α = ϕK ◦θ.
Using the fact α−1 ∈ ΓH, we compute φ◦ϕH ◦α
−1◦ i(m¯)◦α = φ◦ϕH ◦ i(m¯)◦α = ϕK ◦θ◦α.
Because θ−1ΓHθ ⊆ ΓK, there exists β ∈ ΓK such that β ◦ θ = θ ◦ α. It follows that
φ ◦ ϕH ◦ α
−1 ◦ i(m¯) ◦ α = ϕK ◦ β ◦ θ = ϕK ◦ θ. This proves that m ∈ M
H . Therefore,
we have that φ ◦ i(m¯) ◦ ϕH = φ ◦ ϕH ◦ i(m¯) = ϕK ◦ θ. Setting ψ = φ ◦ i(m¯), we obtain
ψ ∈ Mor(E(H), E(K)) such that ψ ◦ ϕH = ϕK ◦ θ. By Lemma 3.16, ψ is the unique
morphism with this property. We claim that the functor:
Λ : OF(Γ)→ E,
with Λ(Γ/ΓH) = E(H) and Λ(Γ/ΓH → Γ/ΓK : ΓH 7→ θΓK) = ψ, where ψ is the unique
element in Mor(E(H), E(K)) such that ψ ◦ ϕH = ϕK ◦ θ, is a functor that will provide
the desired equivalence.
To prove this, first note that the map Λ is well defined. Indeed, if we take ω = θk = k◦θ
instead of θ as a representative of θΓK (here k ∈ ΓK), then ψ is still the unique morphism
such that ψ ◦ ϕH = ϕK ◦ ω (because ϕK ◦ k = ϕK).
Now, consider the identity morphism id ∈ Mor(Γ/ΓH ,Γ/ΓH) for some ΓH ∈ F. Then
id ∈ Mor(E(H), E(H)) is clearly the unique morphism such that id◦ϕH = ϕH ◦id. Hence,
Λ(id) = id.
Finally, let
f1 : Γ/ΓH → Γ/ΓK : ΓH 7→ θ1ΓK and f2 : Γ/ΓK → Γ/ΓL : ΓK 7→ θ2ΓL
and suppose that ψ1 ◦ ϕH = ϕK ◦ θ1 and ψ2 ◦ ϕK = ϕL ◦ θ2. Then, clearly, it follows:
f2 ◦ f1 : Γ/ΓH → Γ/ΓL : ΓH 7→ θ1θ2ΓL
and we compute:
(ψ2 ◦ ψ1) ◦ ϕH = ψ2 ◦ ϕK ◦ θ1
= ϕL ◦ θ2 ◦ θ1
= ϕL ◦ θ1θ2.
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We conclude that Λ(f2 ◦ f1) = ψ2 ◦ ψ1 = Λ(f2) ◦ Λ(f1). Hence, Λ is a functor. It is now
an easy exercise to finish the proof of the claim and the theorem, by showing that
M
i //
id

OF(Γ)
pi //
Λ

OFG
id

M
i // E
pi // OFG
commutes. 
We have shown that, up to equivalence, abelian right extensions of the orbit category
OFG by a fixed point functor M are always of the form M→ OF(Γ)
pi
−→ OFG and induced
by abelian group extensions 0 → M → Γ
pi
−→ G. It turns out that, in some sense, the
converse is also true.
Proposition 3.18. Let G be a group and let F be a family of subgroups that contains the
trivial subgroup. Suppose M ∈ Mod-OFG and consider a right abelian extension of OFG
by M , M
i
−→ E
pi
−→ OFG, where M is the category associated to {M(G/H)H∈F}. If E is
an orbit category OH(Γ) with {e} ∈ H such that OH(Γ)
pi
−→ OFG is induced by a group
homomorphism π : Γ→ G and F = {π(ΓH) | ΓH ∈ H}, then M is isomorphic to the fixed
point functor N , with N =M(G/{e}).
Proof. The group M(G/{e}) becomes a left G-module under the identification of G with
the group Mor(G/{e}, G/{e}). Let idH be the morphism G/e → G/H : e 7→ H . We
claim that for each H ∈ F,
M(idH) : M(G/H)→M(G/{e})
is an injective map that surjects onto M(G/{e})H .
Indeed, take m ∈ M(G/H) and suppose that M(idH)(m) = 0. It follows that i(m¯) ◦
idΓH = idΓH in OH(Γ). Since this implies that i(m¯) is the identity map on Γ/ΓH , we
conclude by injectivity that m = 0. This shows that M(idH) is injective.
Next, we let θ ∈ H and view it as an element of Mor(G/{e}, G/{e}). Because idH ◦
θ = idH, it follows that M(θ) ◦M(idH) = M(idH). This implies M(idH)(M(G/H)) ⊆
M(G/{e})H .
Now, let m ∈ M(G/{e})H . Using the fact that π(ΓH) = H one can check that for any
ψ ∈ ΓH considered as a morphism in Mor(Γ/{e},Γ/{e}), we have i(m¯) ◦ ψ = ψ ◦ i(m¯).
Let us consider the morphism:
i(m¯) : Γ/e→ Γ/{e} : {e} 7→ x{e}.
Because i(m¯) ◦ψ = ψ ◦ i(m¯) for any ψ ∈ ΓH ⊆ Mor(Γ/{e},Γ/{e}), we have a well-defined
morphism:
Γ/ΓH → Γ/ΓH : ΓH 7→ xΓH .
Since π(x) = e, this morphism equals i(n¯) for some n ∈ M(G/H). It can now be
readily verified that i(n¯) ◦ idΓH = idΓH ◦ i(m¯); thus, M(idH)(n) = m. This shows that
M(idH)(M(G/H)) =M(G/{e})
H , and the claim follows.
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Finally, let N be the G-module M(G/{e}). It follows that the isomorphisms:
η(G/H) : M(G/H)→ NH : m 7→ M(idH)(m)
assemble to form a natural equivalence of functors η :M → N . 
4. A standard cochain complex
In this section, we define a cochain complex that will be used to compute Bredon
cohomology. Let us first recall a standard free resolution of Z (see [27]). Throughout, let
G be a group, let F a family of subgroups of G and let M be a OFG-module. For each
n ∈ N, we define the Z-module:
Z[G/H0, . . . , G/Hn] = Z[G/H0, G/H1]⊗ . . .⊗ Z[G/Hn−1, G/Hn].
Viewing Z[G/H0, . . . , G/Hn] as a trivial G-module, we define the OFG-module:
Bn(F, G) =
⊕
(H0,...,Hn)∈Fn+1
Z[−, G/H0]⊗ Z[G/H0, . . . , G/Hn]
for each n ∈ N. For each n ∈ N0, we also define natural transformations dn : Bn(F, G)→
Bn−1(F, G) as follows: ∀H ∈ F:
dn(G/H) : Bn(F, G)(G/H)→ Bn−1(F, G)(G/H) : x 7→
n∑
i=0
(−1)iδi(x),
where δi are defined on the generators of Bn(F, G)(G/H) by: δi(f ⊗ f1 ⊗ . . .⊗ fn) =
=


(f1 ◦ f)⊗ f2 ⊗ . . . fn ∈ Z[G/H,G/H1]⊗ Z[G/H1, . . . , G/Hn]
if i = 0;
f ⊗ f1 ⊗ . . .⊗ (fi+1 ◦ fi)⊗ . . .⊗ fn ∈ Z[G/H,G/H0]⊗ Z[G/H0, . . . , Ĝ/Hi, . . . , G/Hn]
if 0 < i < n;
f ⊗ f1 ⊗ . . .⊗ fn−1 ∈ Z[G/H,G/H0]⊗ Z[G/H0, . . . , G/Hn−1]
if i = n.
Finally, we define a natural transformation ε : B0(F, G)→ Z by:
ε(G/H) : B0(F, G)(G/H)→ Z : f ∈ Mor(G/H,G/H0) 7→ 1.
It can be shown that:
. . .→ Bn(F, G)
dn−→ Bn−1(F, G)
dn−1
−−−→ . . .→ B1(F, G)
d1−→ B0(F, G)
ε
−→ Z→ 0
is a free OFG-resolution of Z (see [27]). It follows that for each n ∈ N and every M ∈
Mod-OFG, we have:
HnF(G,M) = H
n(HomF(B∗(F, G),M)).
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Next, we simplify the expression for the abelian group HomF(B∗(F, G),M) above, using
a basis for the Bn(F, G). To this end, denote the product of sets:
Mor(G/H0, G/H1)×Mor(G/H1, G/H2)× . . .×Mor(G/Hn−1, G/Hn)
by Mor(G/H0, G/H1, . . . , G/Hn), for each n ∈ N and each (H0, H1, . . . , Hn) ∈ F
n+1.
Denote id : G/H0 → G/H0 by id
H0 for each H0 ∈ F. Now, for each n ∈ N and each
H0 ∈ F, we define the set:
∆nH0 = {(id
H0, f1, . . . , fn) | ∀(f1, . . . , fn) ∈ Mor(G/H0, G/H1, . . . , G/Hn), ∀(H1, . . . , Hn) ∈ F
n}.
Lemma 4.1. For each n ∈ N, (∆n, βn) is a basis for Bn(F, G), where ∆
n =
∐
H∈F∆
n
H
and βn : ∆n → F : δ ∈ ∆n
H
7→ H. Moreover, there is an isomorphism of abelian groups:
HomF(Bn(F, G),M) ∼= HomF-set(∆
n,F(M)).
where HomF-set(∆
n,F(M)) the group of maps of F-sets from (∆n, βn) to F(M).
Proof. Fix a set (H0, . . . , Hn) ∈ F
n+1, denote T = Z[G/H0, . . . , G/Hn] and let E =
{eα}α∈I be an indexing for Mor(G/H0, G/H1, . . . , G/Hn). Clearly, E is a basis for T .
Define the set Π =
∐
H∈FΠH , with ΠH0 = {(id
H0, eα) | α ∈ I} and ΠH = ∅ for H 6=
H0. From this we obtain a base function π : Π → F : δ ∈ ΠH 7→ H . We claim
that Z[−, G/H0] ⊗ T is free on (Π, π). Indeed, let N be any OFG-module and let f :
(Π, π) → F(N) be a map of F-sets. Suppose there exists a natural transformation f¯ :
Z[−, G/H0]⊗T → N that extends f . Then for any H ∈ F and any ϕ ∈ Mor(G/H,G/H0),
the following diagram commutes:
Z[G/H,G/H0]⊗ T
f¯(G/H)
// N(G/H)
Z[G/H0, G/H0]⊗ T
Z[ϕ,G/H0]⊗id
OO
f¯(G/H0) // N(G/H0).
N(ϕ)
OO
ΠH0
OO
fH0
44jjjjjjjjjjjjjjjjjjj
Following (idH0, eα) ∈ ΠH0 through the diagram, we see that f¯(G/H)(ϕ, eα) is completely
determined by fH0((id
H0, eα)). This shows that f¯ is unique if it exists. The diagram above
also suggests how to define f¯ . For each H ∈ F, ϕ ∈ Mor(G/H,G/H0), and eα ∈ E, we
define:
f¯(G/H)(ϕ⊗ eα) = N(ϕ)(fH0((id
H0, eα))).
Since Z[G/H,G/H0]⊗ T is the free Z-module generated by all ϕ ⊗ eα, we can extend f¯
to Z[G/H,G/H0] ⊗ T . One easily verifies that f¯ , so defined, yields the desired natural
transformation. We conclude that Z[−, G/H0]⊗ T is free on (Π, π). It now immediately
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follows that Bn(F, G) is free on (∆
n, βn).
Note that HomF-set(∆
n,F(M)) inherits a Z-module structure from M by pointwise
addition. Since Bn(F, G) is a free OFG-module on (∆
n, βn), we have an isomorphism:
HomF-set(∆
n,F(M))→ HomF(Bn(F, G),M) : f 7→ f¯
where a map of F-sets is mapped to the unique natural transformation that extends it. 
Notation 4.2. When f is a map of F-sets from (∆n, βn) to F(M), we will denote
fH(id
H, ϕ1, . . . , ϕn) by fH(ϕ1, . . . , ϕn) for all (ϕ1, . . . , ϕn) ∈ Mor(G/H,G/H1, . . . , G/Hn).
Definition 4.3. Define the cochain complex:
0→ C0F(G,M)
d0
−→ C1F(G,M)→ . . .→ C
n
F (G,M)
dn
−→ Cn+1F (G,M)→ . . .
by CnF (G,M) = HomF-set(∆
n,F(M)) for each n and
dn : CnF (G,M)→ C
n+1
F (G,M) : f 7→ d
n(f),
with
dn(f)H(ϕ1, . . . , ϕn+1) = M(ϕ1)
(
fH1(ϕ2, . . . , ϕn+1)
)
+
n∑
i=1
(−1)ifH(ϕ1, . . . , ϕi+1 ◦ ϕi, . . . , ϕn+1)
+(−1)n+1fH(ϕ1, . . . , ϕn)
where (ϕ1, . . . , ϕn+1) ∈ Mor(G/H,G/H1, . . . , G/Hn+1).
Theorem 4.4. Let G be a group, F a family of subgroups of G and M an OFG-module.
Then for each n ∈ N we have:
HnF(G,M) = H
n(C∗F(G,M)).
Proof. This follows from the fact that the differentials of the complex C∗F(G,M) corre-
spond to the differentials of the complex HomF(B∗(F, G),M) under the isomorphism of
Lemma 4.1. 
Remark 4.5. In the next section, it will often be convenient to view a morphism of the
orbit category G/H
x
−→ G/K as the element xK ∈ (G/K)H. With this notation, the
differentials of the complex C∗F(G,M) become:
dn(f)H(x1H1, . . . , xn+1Hn+1) = M(x1H1)
(
fH1(x2H2, . . . , xn+1Hn+1)
)
+
n∑
i=1
(−1)ifH(x1H1, . . . , xixi+1Hi+1, . . . , xn+1Hn+1)
+(−1)n+1fH(x1H1, . . . , xnHn)
where M(x1H1) = M(G/H
x1−→ G/H1).
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5. Interpretations of Low dimensional Bredon cohomology
5.1. Interpretation of H0F(G,M). Although it is well-known, we include an interpreta-
tion of H0F(G,M), for completeness.
Let G be a group, F a family of subgroups of G and M an OFG-module. It follows
immediately from the derived functor construction of Bredon cohomology that
H0F(G,M) = HomF(Z,M).
Using this fact or Theorem 4.4, we obtain:
H0F(G,M) = lim
G/H∈OFG
M(G/K).
In fact, the functor:
HomF(Z,−) : Mod-OFG→ Ab
is naturally equivalent to the limit functor:
lim
G/H∈OFG
: Mod-OFG→ Ab.
So, Bredon cohomology can also be seen as the right derived functors of this functor.
5.2. F-Derivations and Principal F-Derivations. Let G be a group, F a family of
subgroups of G and M a OFG-module.
Definition 5.1. An F-derivation of G into M is a map of F-sets D : ∆1 → F(M) such
that: ∀H,H1, H2 ∈ F, ∀x1H1 ∈ (G/H1)
H , ∀x2H2 ∈ (G/H2)
H1:
DH(x1x2H2) = M(x1H1)
(
DH1(x2H2)
)
+DH(x1H1).
The set of all F-derivations of G into M forms an abelian group which we denote by
DerF(G,M).
Given an element m = (mH)H∈F ∈
∏
H∈FM(G/H), the principal F-derivation Dm of G
intoM is a map of F-sets D : ∆1 → F(M) defined as follows: ∀H,K ∈ F, ∀xK ∈ (G/K)H:
(Dm)H(xK) = M(xK)(mK)−mH .
The set of all principal F-derivation of G intoM forms an abelian subgroup of DerF(G,M)
which we denote by PDerF(G,M).
We can now prove the following.
Theorem 5.2. If G is a group, F a family of subgroups of G and M a OFG-module, then
we have
H1F(G,M)
∼= DerF(G,M)
/
PDerF(G,M).
Proof. This is immediate from the definition of (principal) F-derivations, Theorem 4.4
and Remark 4.5. 
We shall now restrict to fixed point functors.
F-STRUCTURES AND BREDON-GALOIS COHOMOLOGY 23
Definition 5.3. Suppose M ∈ G-mod. Given an element m ∈ M , a principal derivation
Dm of G into M is a set map D : G→M defined as follows: for all x ∈ G:
Dm(x) = x ·m−m.
An F-derivation of G into M is a set map D : G→M such that: for all x, y ∈ G:
D(xy) = x ·D(y) +D(x)
and D|H : H → M is a principal derivation DmH : H → M , for each H ∈ F. Note that
mH depends on H and that the set of all F-derivations of G into M forms an abelian
group which we denote by DerF(G,M). The set of all principal derivations of G into M
forms an abelian subgroup of DerF(G,M) which we denote by PDerF(G,M).
We now obtain the following
Proposition 5.4. If G is a group, F a family of subgroups of G that contains the trivial
subgroup and M ∈ G-mod, then there exists an isomorphism:
DerF(G,M)/PDerF(G,M) ∼= DerF(G,M)/PDerF(G,M).
Proof. Consider the map:
Ψ : DerF(G,M)→ DerF(G,M)/PDerF(G,M) : f 7→ Ψ(f) + PDerF(G,M),
with Ψ(f)H(xK) = mH − x ·mK + f(x) for all H,K ∈ F, and all xK ∈ (G/K)
H, where
(mH)H∈F is collection of elements in M such that f |H : H → M is the principal derivation
DmH for each H ∈ F. Via elementary calculations one can check that Ψ(f) ∈ DerF(G,M).
Note that the chosen elements (mH)H∈F are not unique. However, if we choose a different
set of elements (nH)H∈F such that f |H : H → M is the principal derivation DnH for each
H ∈ F, then it follows:
(mH − nH)H∈F ∈
∏
H∈F
M(G/H)
for each H ∈ F. Therefore, if we define Ψ(f)H(xK) using (nH)H∈F instead, then this will
give the same F-derivation up to an element in PDerF(G,M). This implies that Ψ is a
well-defined Z-module homomorphism.
We claim that Ψ is surjective. Let D ∈ DerF(G,M) and consider arbitrary H,K ∈ F
and xK ∈ (G/K)H. Using the composition:
G/{e}
e
−→ G/H
x
−→ G/K = G/{e}
x
−→ G/K,
we compute:
D{e}(xK) =M(H)(DH(xK)) +D{e}(H) = DH(xK) +D{e}(H)
and by considering the composition:
G/{e}
x
−→ G/{e}
e
−→ G/K = G/{e}
x
−→ G/K,
we compute:
D{e}(xK) = M(x{e})D{e}(K) +D{e}(x{e}) = x · D{e}(K) +D{e}(x{e}).
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Combining these equations, entails:
DH(xK) = D{e}(x{e}) + x · D{e}(K)−D{e}(H)(4)
for all H,K ∈ F, ∀xK ∈ (G/K)H. Now, define:
f : G→ M : x 7→ D{e}(x{e}).
Then f(xy) = x · f(y) + f(x) for all x, y ∈ G. Let h ∈ H for some arbitrary H ∈ F and
consider the composition:
G/{e}
h
−→ G/{e}
e
−→ G/H = G/{e}
e
−→ G/H.
We compute:
D{e}(H) =M(h)(D{e}(H)) +D{e}(h{e}) = h · D{e}(H) +D{e}(h{e}).
Define the elements (mH)H∈F in M as mH = −D{e}(H) for all H ∈ F. This implies that
f(h) = h ·mH − mH for all H ∈ F and hence, f ∈ DerF(G,M). Using equation (4), it
follows:
DH(xK) = mH − x ·mK + f(x) for all H,K ∈ F, ∀xK ∈ (G/K)
H.
Thus, D + PDerF(G,M) = Ψ(f). This shows that Ψ is surjective.
Suppose now f is a principal derivation for m ∈M , i.e. f(x) = x ·m−m for all x ∈ G.
To determine Ψ(f), we can set all mH equal to m. Hence, it follows that Ψ(f) = 0. This
implies that PDerF(G,M) is contained in the kernel of Ψ.
Finally, suppose Ψ(f) = 0 for some f ∈ DerF(G,M). This implies that Ψ(f) (where
(mH)H∈F are the chosen elements in M such that f|H : H → M is the principal derivation
DmH ) is a principal F-derivation Dn with n = (nH)H∈F ∈
∏
H∈FM
H . It follows that:
f(x) = x · (nK +mK)− (nH +mH)
for all H,K ∈ F, ∀xK ∈ (G/K)H . Setting x = e and H = {e} and considering and
arbitrary subgroup K ∈ F, this implies:
0 = f(e) = (nK +mK)− (ne +me).
Hence, ne +me = nK +mK for all K ∈ F. We conclude that:
f(x) = x · (ne +me)− (ne +me)
for all x ∈ G. This shows that the kernel of Ψ is contained in PDerF(G,M).
Considering everything together, we have an isomorphism of Z-modules:
DerF(G,M)/PDerF(G,M) ∼= DerF(G,M)/PDerF(G,M) : f¯ 7→ Ψ(f).

Corollary 5.5. If G is a group and F is a family of subgroups of G that contains the
trivial subgroup and M ∈ G-mod, then we have:
H1F(G,M)
∼= DerF(G,M)/PDerF(G,M).
Proof. This is immediate from Theorem 5.2 and the preceding proposition. 
F-STRUCTURES AND BREDON-GALOIS COHOMOLOGY 25
Corollary 5.6. If G is a group and F is a family of subgroups of G that contains the
trivial subgroup and M ∈ G-mod, then we have:
H1F(G,M)
∼= ∩H∈FKer
(
i1
H
: H1(G,M)→ H1(H,M)
)
,
where i1
H
is induced by the inclusion map iH : H →֒ G.
Proof. This follows straight from the well-known interpretation of 1-dimensional cohomol-
ogy of groups in terms of derivations and principal derivations (e.g. see [3]), the preceding
corollary and the definitions of DerF(G,M) and PDerF(G,M). 
Corollary 5.7. If G is a finite group and F is a family of subgroups of G that contains
the trivial subgroup, then
H2F(G,Z)
∼= {f ∈ Hom(G,Q/Z) | f(H) = 0 for all H ∈ F}.
Proof. The short exact sequence of trivial fixed point functors 0 → Z → Q → Q/Z → 0
gives rise to a long exact Bredon cohomology sequence:
. . .→ H1F(G,Q)→ H
1
F(G,Q/Z)→ H
2
F(G,Z)→ H
2
F(G,Q)→ . . . .
Since the order of G is invertible in Q, it follows that H1(G,Q) and H2(G,Q) are zero (e.g.
see [3]). By the preceding corollary, this implies that H1F(G,Q) = 0. Since H
1(H,Q) = 0
for all finite groupsH , it follows from Proposition 3.10 and Corollary 5.14 that H2F(G,Q) ⊆
H2(G,Q) = 0. Hence, by the long exact sequence H1F(G,Q/Z)
∼= H2F(G,Z). Using Corol-
lary 5.5 and the fact that Q/Z is a trivial G-module, it is not difficult to verify that:
H1F(G,Q/Z)
∼= {f ∈ Hom(G,Q/Z) | f(H) = 0 for all H ∈ F}.
This concludes the proof. 
5.3. Split extensions. Let G be a group, F be a family of subgroups of G and M be a
OFG-module. We have seen that there exists, up to equivalence of extensions, a unique
split abelian right extension of OFG by M such that the induced OFG-module structure
onM by the extension equals the original one. However, a splitting of this split extensions
does not have to be unique. In view of Proposition 3.8, let us consider the standard split
extension:
M
i
−→M⋊OFG
pi
−→ OFG
where M is the usual category with objects M(G/H). An obvious splitting for this
extension is the functor s : OFG→M⋊OFG with
s(G/H) =M(G/H)×G/H and s(ϕ) = (0, ϕ)
for ϕ ∈ Mor(G/H,G/K). But in fact, any functor t : OFG→M⋊OFG with
t(G/H) = M(G/H)×G/H and t(ϕ) = (D(ϕ), ϕ)
for ϕ ∈ Mor(G/H,G/K) is a splitting. (Recall that D(ϕ) ∈ Mor(M(G/H),M(G/H)),
i.e. D(ϕ) ∈ M(G/H)). Imposing that t is a functor is equivalent to requiring that the
relation:
D(ψ ◦ ϕ) = D(ϕ) +M(ϕ)(D(ψ))
F-STRUCTURES AND BREDON-GALOIS COHOMOLOGY 26
holds, for all ϕ ∈ Mor(G/H,G/H1) and for all ψ ∈ Mor(G/H1, G/H2). To see this, just
translate s(ψ ◦ ϕ) = s(ψ) ◦ s(ϕ) into a statement about D using the composition law in
M⋊OFG.
Note that D can be considered as a map of F-sets from ∆1 to F(M). Then, the equation
above defines D as an F-derivation of G into M . This shows that there is a bijection
between splittings of the standard split extension of OFG with M and the derivations of
G into M .
Definition 5.8. Two splittings s and t of the extension:
M
i
−→M⋊OFG
pi
−→ OFG
are said to be M-conjugate if there exists an element m = (mH)H∈F ∈
∏
H∈FM(G/H)
such that
s(ϕ) ◦ i(m¯H) = i(m¯K) ◦ t(ϕ)
for all H,K ∈ F, for all ϕ ∈ Mor(G/H,G/K). The notion of M-conjugacy places an
equivalence relation on the set of all splittings.
If D and D′ are the F-derivations corresponding to s and t, then M-conjugacy is equiv-
alent to the relation:
DH(xK)−D
′
H
(xK) = M(xK)(mK)−mH = (Dm)H(xK)
for all H,K ∈ F, for all xK ∈ (G/K)H. This means that two splittings are M-conjugate
if and only if their corresponding F-derivations differ by a principal derivation. Hence,
there is a one-to-one correspondence between the M-conjugacy classes of splittings of the
standard abelian right extension of OFG by M and DerF(G,M)/PDerF(G,M). Using
Theorem 5.2, we arrive at the following interpretation for H1F(G,M).
Theorem 5.9. If G is a group, F a family of subgroups of G and M a OFG-module then
there is a one-to-one correspondence between the M-conjugacy classes of splittings of
M
i
−→M⋊OFG
pi
−→ OFG
and the elements of H1F(G,M). In particular, H
1
F(G,M) = 0 if and only if all splittings
of the standard abelian right extensions of G by M are M-conjugate.
Let us again treat the case where the OFG-module is a fixed point functor M . Consider
the standard split F-structure on (G,M):
0→M → Γ = M ⋊G
pi
−→ G→ 1
with ΓH = (0, H) for each H ∈ F. A map s : G → M ⋊ G is a splitting for this
F-structure if and only if s is a group homomorphism such that π ◦ s = id and s(H) =
(−mH , e)(0, H)(mH, e) for elements (mH)H∈F, for each H ∈ F. This is equivalent to saying
that s is of the form:
s : G→M ⋊G : x 7→ (D(x), x),
where D is an F-derivation of G into M. Hence, the set of splittings of the standard split
F-structure on (G,M) is in bijective correspondence with the F-derivations of G into M.
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Definition 5.10. Two splittings s and t of the standard split F-structure on (G,M) are
said to be M-conjugate if there exists an element m ∈M such that
s(x) = mt(x)m−1
for all x ∈ G. The notion of M-conjugacy places an equivalence relation on the set of all
splittings.
One can readily verify that two splittings are M-conjugate if and only if their corre-
sponding F-derivations differ by a principal derivation of G into M . Using Corollary 5.5,
we arrive at the following result.
Corollary 5.11. If G is a group, F a family of subgroups of G that contains the trivial
subgroup and M ∈ G-mod, then there is a one-to-one correspondence between the M-
conjugacy classes of splittings of the standard split F-structure on (G,M) and the elements
of H1F(G,M). In particular, H
1
F(G,M) = 0 if and only if all splittings of the standard split
F-structure on (G,M) are M-conjugate.
5.4. The second Bredon cohomology. Here, we present several applications of Theo-
rem 3.17 and the following special case of a result of Hoff (see [12],[13]).
Theorem 5.12 (Hoff). Suppose G is a group, F a family of subgroups of G and M a
OFG-module. There is a one-to-one correspondence:
H2F(G,M)↔ ExtF(G,M)
such that the zero element in H2F(G,M) corresponds to the class of split extensions in
ExtF(G,M).
Using Theorem 3.17, we immediately obtain the following
Theorem 5.13. Let G be a group, F be a family of subgroups of G that contains the trivial
subgroup, and M ∈ G-mod. There is a one-to-one correspondence between H2F(G,M) and
StrF(G,M), such that the zero element in H
2
F(G,M) corresponds to the class of split F-
structures on (G,M). In particular, H2F(G,M) = 0 if and only if every F-structure on
(G,M) splits.
Corollary 5.14. Let G be a group, F be a family of subgroups of G that contains the trivial
subgroup, and F be the smallest family of subgroups of G containing F that is closed under
conjugation. If H1(H,M) = 0 for all H ∈ F, then
H2F(G,M)
∼= ∩H∈FKer
(
i2
H
: H2(G,M)→ H2(H,M)
)
,
where i2
H
is induced by the inclusion map iH : H →֒ G.
Proof. Applying Proposition 3.10 and the preceding theorem proves the result. 
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Corollary 5.15. Let G be a virtually free group and let F be the family of finite subgroups
of G. Let M ∈ G-mod and consider an abelian extension of G by M :
0→M → Γ→ G→ 1.
Then every F-structure on this extension is split. In particular, if H1(H,M) = 0 for all
H ∈ F, then this extension splits if and only if it splits when restricted to every H ∈ F.
Proof. Since G has a free subgroup of finite index, a result of Dunwoody (see [5]) implies
that there exists a one-dimensional model for EFG. This implies that H
2
F(G,N) = 0 for
all N ∈ Mod-OFG (e.g. see [21]). In particular, H
2
F(G,M) = 0 for all M ∈ G-mod. The
statements now follow from the two previous results. 
Corollary 5.16. Let G be a countable group and let F be the family of finitely generated
subgroups of G. Let M ∈ G-mod and consider an abelian extension of G by M :
0→M → Γ→ G→ 1.
Then every F-structure on this extension is split. In particular, if H1(H,M) = 0 for all
H ∈ F, then this extension splits if and only if it splits when restricted to every H ∈ F.
Proof. We can write G as a countable directed union G =
⋃
n∈NGn where Gn ≤ Gn+1
and Gn is finitely generated for each n ∈ N. By Bass-Serre theory, G acts on a tree X
with stabilizer subgroups the collection {Gn}n∈N. Then X is a one-dimensional model
for EFG. Now, a similar argument as in the proof of the previous corollary finishes the
proof. 
6. Bredon-Galois cohomology
Throughout this section, we assume some familiarity with the basic notions and results
of Galois theory and discrete valuation theory (see [22],[31]).
In Galois cohomology, one aims to understand the properties of a finite Galois exten-
sions of fields E/K by investigating the cohomology of the Galois group Gal(E/K) with
coefficients in multiplicative group E×, where G acts by field automorphisms. We pro-
pose a new invariant called Bredon-Galois cohomology as a way to study the properties
of a collection of intermediate fields of a finite Galois extensions E/K by considering the
F-Bredon cohomology of Gal(E/K) with coefficients in the fixed point functor E×, where
F is the family of subgroups of Gal(E/K) corresponding under Galois correspondence to
the given collection of intermediate fields. A first indication that this is an interesting
invariant is that, under very mild conditions, there is analog of Hilbert’s Theorem 90 (e.g.
see [22],[29]).
Lemma 6.1. Let E/K be a finite Galois extension of fields with Galois group G and let
F be a family of subgroups of G containing the trivial subgroup, then H1F(G,E
×) = 0.
Proof. By Corollary 5.6, we known that H1F(G,E
×) ⊆ H1(G,E×). The statement now
follows from Hilbert’s Theorem 90. 
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From Corollary 5.14 and Hilbert’s Theorem 90, we can immediately deduce the follow-
ing.
Lemma 6.2. For any finite Galois extension of fields E/K with Galois group G and
family of subgroups F containing the trivial subgroup, there is an isomorphism:
H2F(G,E
×) ∼= ∩H∈FKer
(
H2(G,E×)→ H2(H,E×)
)
.
Hence, one can express the 2-dimensional Bredon-Galois cohomology in terms of the
2-dimensional Galois cohomology. One could therefore argue that, in low dimensions, it
is unnecessary to introduce Bredon-cohomology as a new invariant. In what follows, we
shall try to convince the reader to the contrary.
We use Bredon-Galois cohomology to study relative Brauer groups associated to field
extensions. In Section 6.1, we construct two short exact sequences containing relative
Brauer groups. It will be clear from the proof that the obstruction to the existence of
these short exact sequences is a third-dimensional Bredon cohomology group. Hence, it
is not clear how to obtain these exact sequence using Galois cohomology. This is a first
motivation for the use of Bredon-Galois cohomology.
In Section 6.2, we expand some known methods for constructing non-zero elements
in certain relative Brauer groups. The results in this section can also be proven using
Galois cohomology. However, the use of Bredon-Galois cohomology hides a lot of the
technical difficulties that would arise otherwise. Hence, our goal in this section is mainly
to illustrate that Bredon-Galois cohomology is a more natural tool in this setting.
Let us recall the definition of the Brauer group associated to a field. Let k be a field
and let A and A′ be two simple central k-algebras. By Artin-Wedderburn Theorem, A is
isomorphic to a matrix algebra Mn(D) and A
′ is isomorphic to a matrix algebra Mn′(D
′),
where D andD′ are both division k-algebras with center k. We say A and A′ are equivalent
if D and D′ are isomorphic. The equivalence class of A is denoted by [A]. Let Br(k) the
set of equivalence classes of central simple k-algebras. The operation:
[A] + [B] := [A⊗k B] for [A], [B] ∈ Br(k),
turns Br(k) into an abelian group. The group Br(k) is called the Brauer group of k. Given
a homomorphism of fields i : k → K, we can construct a group homomorphism:
B(i) : B(k)→ B(K) : [A] 7→ [A⊗k K],
whereK becomes a k-algebra via i. This construction turns Br(−) into a covariant functor
from the category of fields to the category of abelian groups. If k ⊆ K is an inclusion
of fields then the relative Brauer group Br(K/k) is by definition the kernel of the map
Br(k)→ Br(K), induced by the inclusion k →֒ K.
Let E/K be a finite Galois extension and denote the Galois group of this extension by
G. Let E× be the multiplicative group of E. This group becomes a G-module under the
action of G by field automorphisms. Let H be a subgroup of G and let L be the fixed
field of H . By considering the following commutative diagram with exact rows, where the
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maps are induced by field inclusions:
0 // Br(E/K)
φ

// Br(K)

// Br(E)
id

0 // Br(E/L) // Br(L) // Br(E),
it follows that ker(φ) ∼= Br(L/K). It is well-known that H2(G,E×) ∼= Br(E/K) and
H2(H,E×) ∼= Br(E/L) such that the map φ corresponds to the restriction homomorphism
H2(G,E×) → H2(H,E×). We conclude that Br(L/K) is isomorphic to the kernel of the
restriction map H2(G,E×)→ H2(H,E×).
Proposition 6.3. Let E/K be a finite Galois extension with Galois group G. Let F be
any family of subgroups of G containing the trivial subgroup, then
H2F(G,E
×) ∼= ∩H∈FBr(E
H/K) ⊆ Br(E/K).
Proof. From the preceding discussion, we conclude:
Br(EH/K) = Ker
(
i2
H
: H2(G,E×)→ H2(H,E×)
)
,
where i2
H
is induced by the inclusion iH : H →֒ G. This implies:
∩H∈FBr(E
H/K) = ∩H∈FKer
(
i2
H
: H2(G,E×)→ H2(H,E×)
)
.
Now, Lemma 6.2 implies that
H2F(G,E
×) ∼= ∩H∈FBr(E
H/K).

As a consequence, we are able to express the relative Brauer group of a finite seperable
non-normal field extension as a Bredon-Galois cohomology group.
Corollary 6.4. Let L/K be a finite separable extension and let E be a field such that
E/L is a finite extension and E is Galois over K. Denote the Galois group of E/K by
G. Let H be the subgroup of G such that EH = L. Then
H2F(G,E
×) ∼= Br(L/K),
where F is the smallest family of subgroups of G that is closed under conjugation, closed
under taking subgroups and contains H.
Proof. First, let F be the family containing just H and the trivial subgroup. Then,
the proposition states that H2F(G,E
×) ∼= Br(L/K). Now, using Corollary 5.14, it is
straightforward to check that enlarging F with subgroups of H and their conjugates does
not change H2F(G,E
×) inside H2(G,E×). 
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As we mention in the proof, this corollary is also valid when F consists only of H and
the trivial subgroup. The reason for making F larger ensures that H2F(G,E
×) has nicer
functorial properties. We list these properties in the next lemma whose proof can be
found in [11, 4.14, 5.4] (see also [25]).
Let us establish the notation:
F ∩ S = {H ∩ S | H ∈ F},
for any given subgroup of S of G.
Lemma 6.5. Let Γ be a finite group, F be a family of subgroups of Γ that is closed under
conjugation and taking subgroups and M ∈ mod-OF(Γ) be a (cohomological) Mackey-
functor. Denote by OΓ the orbit category with respect to the family that contains all
subgroups of Γ. Then the functor:
HnF∩−(−,M) : OΓ→ Ab : Γ/S 7→ H
n
F∩S(S,M)
is again a (cohomological) Mackey functor, for each n. This implies that for all n ∈ N,
all g ∈ G and all subgroups L, P of G such that L ⊆ P , we have a restriction map:
resPL : H
n
F∩P (P,E
×)→ HnF∩L(L,E
×),
a transfer map:
trPL : H
n
F∩L(L,E
×)→ HnF∩P (P,E
×)
and a conjugation map:
cg(P ) : H
n
F∩P (P,E
×)→ HnF∩gP (
gP,E×)
such that
resGP ◦ tr
G
L =
∑
x∈[P\G/L]
cx(P
x) ◦ trP
x
Px∩L ◦ res
L
Px∩L.
In addition, if M is a cohomological Mackey functor, we also have:
trPL ◦ res
P
L = [P : L]id.
The restriction, transfer and conjugation maps are also natural, in the sense that they
commute with connecting homomorphisms and maps induced by natural transformations
between coefficients.
In what follows, we shall use this Mackey functor structure on Bredon-Galois cohomol-
ogy, together with Proposition 6.3, to study the relative Brauer group of a finite separable
extension of fields.
6.1. Two short exact sequences. Throughout this section, we assume that E/K is a
finite Galois extension with Galois group G. Note that fixed point functors are cohomo-
logical Mackey functors (see [25]). Thus, if F is any family of subgroups of G closed under
conjugation and taking subgroup, we have trG{e}◦res
G
{e} = |G|id. Since H
n
F∩{e}({e}, E
×) = 0
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for all n ≥ 1, it follows that |G|id is the zero map on HnF(G,E
×) for all n ≥ 1. We conclude
that HnF(G,E
×) is a torsion abelian group, and
HnF(G,E
×) =
⊕
p prime
p divides |G|
HnF(G,E
×)(p)
for all n ≥ 1, where HnF(G,E
×)(p) is the p-primary component of H
n
F(G,E
×).
Proposition 6.6. Let F be any family of subgroups of G that is closed under conjugation
and taking subgroups and let p be a prime. If the p-Sylow subgroups of G are cyclic, then
we have H2k+1F (G,E
×)(p) = 0 for each k ∈ N.
Proof. Let P be a p-Sylow subgroup of G and consider the transfer and restriction maps
trGP and res
G
P . It follows that
trGP ◦ res
G
P = [G : P ]id,
which implies that resGP injects H
∗
F(G,E
×)(p) into H
∗
F∩P (P,E
×). Hence, it suffices to prove
the lemma for cyclic p-groups.
So, we assume that G = Zpn for some n and proceed by induction on n. If n = 0,
the statement of the lemma is trivial. Now, assume the statement is correct for Zpn−1
and consider G = Zpn. If F just contains the trivial subgroup then H
2k+1
F (G,E
×) =
H2k+1(G,E×). Since cyclic groups have periodic cohomology with period 2, it follows
from Hilbert’s Theorem 90 that H2k+1(G,E×) = 0 for each k ∈ N.
Suppose that F does not just contain the trivial subgroup. Since G contains a unique
subgroup H of order p, it follows that every non-trivial subgroup in F contains H . Also,
H ∈ F because F is subgroup closed. Let H be the family F \ {e}. By Corollary 4.5 of
[19], we can conclude that
H2k+1F (G,E
×) = H2k+1H (G,E
×).
Note that the family H = {S/H | S ∈ H} of subgroups of G/H is subgroup closed. Since
OHG→ OH(G/H) : G/S 7→ (G/H)/(S/H)
is an isomorphism of categories, we are done by induction. 
Theorem 6.7. Let F/E be a finite Galois extension with Galois group N ⊆ Gal(F/K) =
Γ such that F/K is also Galois, and let F be a family of subgroups of Γ that is closed
under conjugation and taking subgroups. For a prime p, if the p-Sylow subgroups of G are
cyclic, then we have a short exact sequence:
0→ ∩H∈FBr(E
H/K)(p) → ∩H∈FBr(F
H/K)(p) → lim
H∈F
(
∩S∈F Br(F
S∩HN/EH)(p)
)
→ 0.
If all Sylow subgroups of G are cyclic, then
0→ ∩H∈FBr(E
H/K)→ ∩H∈FBr(F
H/K)→ lim
H∈F
(
∩S∈F Br(F
S∩HN/EH)
)
→ 0.
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Proof. By Galois theory, it follows thatG = Γ/N . We define the family F = {HN/N |H ∈
F} of subgroups of G and note that this family is closed under conjugation and taking
subgroups. From Theorem 5.1 in [19], we obtain a spectral sequence:
Ep,q2 = H
p
F
(G,HqF∩−(−, F
×))⇒ HpF(Γ, F
×),
with
HqF∩−(−, F
×) : OFG→ Ab : (Γ/N)/(HN/N) 7→ H
q
F∩HN(HN,F
×).
Using Lemma 6.1, we conclude that Ep,12 = 0 for all p ≥ 0. A standard spectral sequence
argument entails a 5-term exact sequence from which we deduce the exact sequence:
0→ H2
F
(G,H0F∩−(−, F
×))→ H2F(Γ, F
×)→ H0
F
(G,H2F∩−(−, F
×))→ H3
F
(G,H0F∩−(−, F
×)).
Using the limit interpretation of 0-dimensional Bredon cohomology, it is straightforward
to check that:
H0F∩HN(HN,F
×) = (F×)HN .
The fact that FN = E implies H0F∩−(−, F
×) = E×. By restricting the exact sequence
above to the p-primary components and using Proposition 6.6, we obtain a short exact
sequence:
0→ H2
F
(G,E×)(p) → H
2
F(Γ, F
×)(p) → H
0
F
(G,H2F∩−(−, F
×))(p) → 0.
Using Proposition 6.3 and the limit-interpretation of 0-dimensional Bredon cohomology,
the sequence transforms to:
0→ ∩H∈FBr(E
H/K)(p) → ∩H∈FBr(F
H/K)(p) → lim
H∈F
(
∩S∈F Br(F
S∩HN/EH)(p)
)
→ 0.
The second statement of the theorem follows immediately from the first. 
Theorem 6.8. Let F be any family of subgroups of G that is closed conjugation and taking
subgroups and let p be a prime. If the p-Sylow subgroups of G are cyclic, then there exists
a short exact sequence:
0→ ∩H∈FBr(E
H/K)(p) → Br(E/K)(p) → lim
H∈F
Br(E/EH)(p) → 0.
If all Sylow subgroups of G are cyclic, then
0→ ∩H∈FBr(E
H/K)→ Br(E/K)→ lim
H∈F
Br(E/EH)→ 0
is exact.
Proof. Consider the spectral sequence in Theorem 6.1 of [19]:
Ep,q2 = H
p
F(G,H
q(−, E×))⇒ Hp(G,E×),
with
Hq(−, E×) : OFG→ Ab : G/H 7→ H
q(H,E×).
Following a similar argument as in the proof of the previous theorem finishes the claim. 
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6.2. Constructing non-zero elements in relative Brauer groups. Our approach in
this section is an adaptation to the Bredon setting of methods used in [8] and [9].
Let us recall some terminology and result from discrete valuation theory. A discrete
valuation of v of a field K is a surjective group homomorphism:
v : K× → Z such that v(x+ y) ≥ min{v(x), v(y)}
for all x, y ∈ K×. Let L/K be a finite separable extension and let δ : K× → Z be a
discrete valuation of K. An extension of δ to L is a discrete valuation:
θ : L× → Z such that θ|K× = δ.
Let us clarify this definition. Denote the index of θ(K×) in Z by eθδ. This number is
called the ramification index of θ with respect to δ. Hence, θ|K× : K
× → eθδZ is a
surjective group homomorphism. By θ|K× = δ, we mean that α◦θ|K× = δ, where α is the
isomorphism eθδZ→ Z : e
θ
δn 7→ n. Note that if x ∈ K
× and δ(x) = n, then θ(x) = eθδn.
It can be shown that there exist only a finite number of extensions of δ to L.
Let E/K be a finite Galois extension, let δ : K× → Z be a discrete valuation of K and
let π : E× → Z be an extension of δ to E. Denote the Galois group of E/K by G and let
Ω be the set of extensions of δ to E. The group G acts on Ω as follows: for π ∈ Ω and
g ∈ G,
(g · π)(x) = π(g−1(x))
for all x ∈ E×. Is is easy to check that this defines a left group action of G on Ω. In
fact, one can show that this action in transitive. Using the fact that Ω is a transitive
G-set, one can also show that all the valuations in Ω have the same ramification index
with respect to δ. The isotropy group of G at π is called the decomposition group of π
and is denoted by Gpi. The valuation δ is called unramified in E if e
pi
δ = 1. Note that if
M is a field such that E ⊇ M ⊇ K and δ is unramified in E , then the valuation π|M of
M is also unramified in E.
Let E/K be a finite Galois extension and set G = Gal(E/K). Let F be a family of
subgroups of G that is closed under conjugation and closed under taking subgroups. Let
δ : K× → Z be a discrete valuation of K and let π : E× → Z be an extension of δ to
E. Since Gpi is the isotropy of π, the map π : E
× → Z is a Gpi-module homomorphism.
Hence, π induces a natural transformation π between the fixed point functors E× and Z
in Mod-OF∩Gpi(Gpi). We define:
π∗ : H2F∩Gpi(Gpi, E
×)→ H2F∩Gpi(Gpi,Z)
to be the map induced by π. Denote
F(Gpi) := {f ∈ Hom(Gpi,Q/Z) | f(H ∩Gpi) = 0, ∀ H ∈ F}.
Note that, by Corollary 5.7, we have an isomorphism:
H2F∩Gpi(Gpi,Z)
∼=
−→ F(Gpi).
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The character map χδ : H
2
F(G,E
×) → F(Gpi) is defined by the following composition of
maps:
H2F(G,E
×)
resGGpi−−−→ H2F∩Gpi(Gpi, E
×)
pi∗
−→ H2F∩Gpi(Gpi,Z)
∼=
−→ F(Gpi).
The following lemma reveals a key property of the character map.
Lemma 6.9. Let E ⊇ M ⊇ K be a tower of fields such that E is a finite Galois extension
of K with Galois group G and suppose P is the subgroup of G such that EP = M . Let δ
be a discrete valuation of K that is unramified in E, and suppose that θ1, . . . , θn are all
the possible extensions of δ to M . Let {π = π1, . . . , πn} be a set of discrete valuations of
E such that πi extends θi. Finally, let {e = x1, . . . , xn} be a set of elements in G such
that xi ·πi = π. Let F be a family of subgroups of G that is closed under conjugations and
taking subgroups. Now consider the character maps:
χδ : H
2
F(G,E
×)→ F(Gpi)
and
χθi : H
2
F∩P (P,E
×)→ χF∩P (Ppii)
for all i ∈ {1, . . . , n}. For every α ∈ H2F∩P (P,E
×), we have:
χδ ◦ tr
G
P (α) =
n∑
i=1
cxi(Gpii) ◦ tr
Gpii
Ppii
◦ χθi(α).
Proof. Denote the set of extension of δ to E by Ω and denote the set of extensions of
θi to E by Ωi for all i ∈ {1, . . . , n}. Then πi ∈ Ωi ⊆ Ω for all i. We claim that first,
Ω =
∐n
i=1Ωi; secondly, G
xi
pi ∩ P = Ppii; and finally, {x1, . . . , xn} is a set of representatives
of the double cosets Gpi \G/P .
The first two claims are easy to verify. Let us prove the third claim. Let g ∈ G and
consider g−1 · π ∈ Ω. There exists a unique i ∈ {1, . . . , n} such that g−1 · π ∈ Ωi. Fix this
i. Since πi ∈ Ωi and P acts transitively on Ωi, we can find p ∈ P such that p ·πi = g
−1 ·π.
Since xi ·πi = π, we conclude that (gpx
−1
i )·π = π. This implies that we can find an element
y ∈ Gpi such that gpx
−1
i = y. To summarize, for all g ∈ G, we can find x ∈ Gpi and p ∈ P
such that xgp = xi, where i is the unique element of {1, . . . , n} such that g
−1 · π ∈ Ωi.
Now, assume that xi = xxjp for some x ∈ Gpi, some p ∈ P and some i, j ∈ {1, . . . , n}.
One easily verifies that this implies that p · πi = πj . Since p ∈ Gal(E/M), this implies
that for all m ∈M ,
θj(m) = πj(m) = πi(p
−1(m)) = πi(m) = θi(m).
Therefore, θi = θj which implies that i = j. This proves our claim.
A priori, we have the relation:
resGGpi ◦ tr
G
P =
∑
x∈[Gpi\G/L]
cx(G
x
pi) ◦ tr
Gxpi
Gxpi∩P
◦ resPGxpi∩P .
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Using our claims, we can rewrite this formula as:
resGGpi ◦ tr
G
P =
n∑
i=1
cxi(Gpii) ◦ tr
Gpii
Ppii
◦ resPPpii .
The lemma now follows from the definition of the character maps (note that the isomor-
phism of the last map in the definition is given by a connecting homomorphism) and the
naturality of transfer, restriction and conjugation. 
Definition 6.10. Let k ∈ N∪{∞}. We say that an extension of fields E/K is k-admissible
if it is a finite Galois extension with Galois group G such that for every σ ∈ G\{e}, there
exist at least k discrete valuations π of E such that Gpi = 〈σ〉 and such that π|K is
unramified in E.
We can now prove the main theorem of this section.
Theorem 6.11. Let E/K be a k-admissible extension with Galois group G and let F be
any family of subgroups of G that is closed under conjugation and taking subgroups. If
there exists an element σ ∈ G such that F(〈σ〉) is non-zero, then ∩H∈FBr(E
H/K) contains
at least k non-zero elements.
Proof. Let P be the subgroup of G generated by σ and denote EP by M . Because
E/K is a k-admissible extension, there exist discrete valuations 1π, . . . , kπ of E such that
for all s ∈ {1 . . . , k}, sπ|K is unramified in E and Gspi = P . We set
sδ = sπ|K and
sθ = sπ|M for each s ∈ {1 . . . , k} and observe that P = Pspi. For each s ∈ {1, . . . , k}, let
{sθ1 =
sθ, . . . , sθns} be all the possible extensions of
sδ to M and denote n = n1. By the
approximation theorem (see [31] Ch. VI, Th. 18), there exist elements:
m1, . . . , mk ∈M
× so that sθi(ml) = δi1δls
for all s, l ∈ {1 . . . , k} and all i ∈ {1, . . . , ns}. Now, fix a non-zero element f ∈ F(P ). Let
f˜ ∈ H2F∩P (P,Z) be the element that corresponds to f under the isomorphism:
H2F∩P (P,Z)
∼= F(P ).
For each l ∈ {1 . . . , k}, the P -module homomorphism:
∆l : Z→ E
× : 1 7→ ml
induces a natural transformation ∆l : Z → E
×. Moreover, for each l ∈ {1 . . . , k}, the
morphism ∆l induces a map:
∆l
∗ : H2F∩P (P,Z)→ H
2
F∩P (P,E
×).
Denote ∆l
∗(f˜) by αl for each ∈ {1 . . . , k}. We claim that {tr
G
P (α1), . . . , tr
G
P (αk)} is a set
of k distinct, non-zero elements of H2F(G,E
×).
Let us show that trGP (α1) is non-zero and does not equal tr
G
P (α2). The remaining cases
are of course similar, so the claim will follow. Let {1π = 1π1, . . . ,
1πn} be a set of discrete
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valuations of E such that 1πi extends
1θi and let {e = x1, . . . , xn} be a set of elements in
G such that xi ·
1πi =
1π. It follows from Lemma 6.9 that
(5) χ1δ(tr
G
P (α1)) =
n∑
i=1
cxi(G1pii) ◦ tr
G1pii
P1pii
◦ χ1θi(α1)
and
(6) χ1δ(tr
G
P (α2)) =
n∑
i=1
cxi(G1pii) ◦ tr
G1pii
P1pii
◦ χ1θi(α2).
By naturality, we have:
1πi
∗
◦ resPP1pii
(αl) =
1πi ◦∆l
∗
◦ resPP1pii
(f˜)
for l = 1, 2. Observe that the valuations in {1θ1 =
1θ, . . . , 1θn} are unramified in E, which
implies that 1πi(ml) = δ1lδi1. Using this observation, one checks that
1πi ◦∆l
∗
= δ1lδi1.
Then it follows from (5) and (6) that
χ1δ(tr
G
P (α1)) = f 6= 0
and
χ1δ(tr
G
P (α2)) = 0.
This proves our claim. The theorem now follows from Proposition 6.3. 
Using Theorem 6.11, we reprove a result first obtained in [7].
Corollary 6.12 (Fein-Kantor-Schacher). Let L ) K be a finite separable extension of
global fields, then Br(L/K) is infinite.
Proof. Consider a field E containing L such that E/K is finite Galois with Galois group
G. Let H be the subgroup of G such that EH = L and let F is the smallest family
of subgroups of G that is closed under conjugation, closed under taking subgroups and
contains H . It follows from the Chebotarev density theorem (see [10]) that the extension
E/K is ∞-admissible.
Now, let G act on G/H by multiplication on the left. Since this action is transitive and
H 6= G, by the lemma below, there exists an element in σ ∈ G \ {e} of prime power order
that acts without fixed points on G/H . This implies that σ /∈ S for all S ∈ F. Denote
P = 〈σ〉 and suppose |P | = pn, for some prime p and some n ∈ N0. We claim that F(P )
is non-zero.
To prove this claim, it suffices to show that the subgroup of P generated by F ∩ P
does not equal P . Suppose that P is generated by F ∩ P . This implies that there exist
elements σi1 , . . . , σis such that for each j ∈ {1, . . . , s} we have σij ∈ P ∩ Hgj for some
gj ∈ G and such that
∏s
j=1 σ
ij = σ. It follows that σ
∑s
j=1 ij = σ, and hence,
∑s
j=1 ij = 1
mod pn. So, there must exists a j such that ij is not divisible by p. For this j, we have
gcd{ij , p
n} = 1. It follows that σij is a generator of P . Thus, there exists r ∈ Z so that
(σij )r = σ. Since σij ∈ Hgj , this implies σ ∈ Hgj , which is a contradiction. This proves
the claim.
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Following the argument of the proof of Theorem 6.11 shows that H2F(G,E
×) is infinite.
Corollary 6.4 then implies that Br(L/K) is infinite. 
Lemma 6.13 (see [7]). If a finite group G acts transitively on a set X containing more
than one element, then there exists an element of prime power order in G that acts without
fixed points.
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